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Proposed Integration of Notch-Strain and Fatigue
Crack-Growth Analyses

D. L. Ball*
General Dynamics/Fort Worth Division, Forth Worth, Texas

A model for the analysis of the growth of fatigue cracks in residual stress fields is developed by integrating
notch-strain analysis techniques with linear-elastic fracture-mechanics-based crack-growth analysis techniques.
The method by which elastic-plastic response stress gradients are estimated is presented along with a discussion
of the use of those gradients in a fatigue crack-growth analysis. The modeling of crack-growth acceleration and
retardation effects and their use after the stress response calculations are discussed. And in conclusion, the
results of a newly developed computer program, which incorporates the combined techniques, are compared
with crack-growth data from an in-service U.S. Air Force aircraft.

Nomenclature

A =fatigue crack-growth-rate acceleration factor

a =crack depth

C  =fatigue crack-growth-rate equation coefficient

C,. =nplastic constraint factor

c =half-crack length

¢, =equivalent half-crack length

d.q =crack depth and/or specimen thickness required to
attain plane strain stress state

E  =modulus of elasticity

K; =mode I stress intensity factor

K, =elastic stress concentration factor

m  =Walker fatigue crack-growth-rate equation

exponent

=fatigue crack-growth-rate equation exponent

= applied load

= Chang fatigue crack-growth-rate acceleration

index

= stress ratio

=hole radius

= crack-tip plastic zone size

=nominal or remote stress applied in the y direction

=thickness

=crack interaction zone size

B8 =stress intensity modification factor

¢, =estimated normal component in the y direction of
the elastic-plastic response strain

° = fatigue crack-growth-rate acceleration effectivity

v =Poisson’s ratio

g, =normal component in the y direction of the elastic
local (peak) stress

g,, =estimated normal component in the y direction of
the elastic-plastic response stress
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Introduction

HE modeling of fatigue crack growth in arbitrary, elastic-
plastic stress fields is becoming an increasingly common,
and in many cases, necessary part of damage tolerance analy-
sis. The assumption of elastic, uniform stress is inappropriate
for a wide variety of cases including those involving nonuni-
form applied stress, bending, structural overload, cold work-
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ing of surfaces and fastener holes, welding, and structural and
fastener interference. The usual approach taken in such prob-
lems is to determine a residual stress intensity factor based on
some initial (static) residual stress field and then to superim-
pose that with the appropriate applied (cyclic) stress intensity
factor. The methods discussed in Refs. 1-9 are typical. This
‘‘effective’’ stress intensity factor is then used to estimate the
crack-growth rate, which in turn is integrated to find crack-
growth life. As such, it fits neatly into existing linear-elastic
fracture-mechanics (LEFM) based damage tolerance analysis
methodology. However, none of these studies have addressed
problems in which one or more of the spectrum load cycles are
of such magnitude as to cause repeated yielding (and hence
redefinition of residual stress fields) in the region of interest.
This, on the other hand, is precisely what a notch-strain anal-
ysis!® does, since it ‘‘tracks’’ material hysteresis behavior
caused by plastic straining. These effects can be accounted for
to a limited extent by using the one-dimensional analog of
hysteresis loop tracking!!: range pair or rain flow counting.!?
But both loop tracking and cycle counting techniques track the
variation of stress at only a single point; they provide no
information about the rest of the stress distribution in the
area. Normally finite-element or boundary-element techniques
are required for determination of complete response stress
fields; but these are not practical for application in fatigue
analyses involving potentially large numbers of cycles. And
yet there exists a class of problems in which an LEFM-based
fatigue crack-growth analysis could be successfully applied if
modeling of plasticity due to structural configuration were
introduced.

The following is a proposed integration of notch-strain
analysis, !? which is used extensively in fatigue crack-initiation
studies, and cycle-by-cycle fatigue, crack-growth analysis'?
based on LEFM concepts. The model assumes localized yield-
ing and attendant hysteresis effects to estimate response stress
gradients on a given uncracked section on a cycle-by-cycle
basis. Stress intensity factors are then calculated based on
these gradients using Green’s function techniques.

Discretization of Elastic Stress Distribution

The first step in the process involves the definition of one or
more distributions of the component of elastic stress acting
normal to a section which is coincident with the expected crack
plane. In the discussion that follows, the section containing
the crack will be taken to lie in the x-z plane, and the applied
stress will act in the y direction. These stress distributions are
the result of elastic stress analyses of the uncracked structure
and as a result include geometric stress concentration effects.
As shown in Fig. 1, each distribution is specified as a series of
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Fig. 1 Discretized stress distribution.
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Fig. 2 Stable hysteresis loops from strain controlled test.
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Fig. 3 Determination of local stress and strain ranges using Neuber’s rule and material hysteresis stress vs stress-strain data.

n grid points and then approximated using n —1 constant
stress elements. The stress value for each element is taken as
the average of its endpoint values. Element widths are small in
regions of high stress gradient and large in regions of relatively
uniform stress. Since the analysis will require cycling between
minimum and maximum stresses, provision is made for both
negative and positive distributions in the event that structure/
loading combinations yield distributions which are not of
equal magnitude.

Calculation of Response Stresses

The stress response of each element of the distribution to
the applied load is estimated using Neuber’s rule!* and notch-
strain analysis techniques as described in Refs. 10 and 15. The
application of this technique requires the definition of the
cyclic and hysteresis stress vs strain curves for the material

being studied. As shown in Fig. 2, the cyclic stress vs strain
curve is given as the locus of the reversal points of stable
hysteresis loops during strain controlled tests. The hysteresis
stress-strain curve, represented by either the rising or falling
portion of the hysteresis loop, is geometrically similar to the
cyclic stress-strain curve and is generally found as in Ref. 16.

Ohysteresis = 2‘7cyclic 1

To facilitate use with Neuber’s rule, the hysteresis stress vs
strain data is rewritten in terms of stress vs the product of
stress and strain. See Fig. 3. The response stresses for each
element are calculated on a point-to-point basis; that is, the
applied stress is taken as the range between the current i and
immediately preceding i — 1 values. If the applied element
stress range Aag,, is less than the hysteresis proportional limit,
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then the material behavior is considered to be linearly elastic
and the response stress and strain are given by

Oy, = Ope; = Aoy, + Oyri 4 2)
€y, = A0y /E + €y, | 3)

where Aoy, is the applied elastic element stress range specified
by input stress gradients (Note: Agy, = K;AS). Note that here
and in the text that follows, i is the load point (reversal)
counter, i.e., if a given cycle min is load point 7, then the
immediately following cycle max is load point i + 1. If the
applied element stress range is greater than the hysteresis
proportional limit, then Neuber’s rule is used to calculate the
true local stress and strain ranges:

Aoy, Aey, = Ads,/E @

Note again that the applied elastic stress range is assumed to
include any stress concentration effects. With the stress-strain
range product known, the response stress range Aay, and re-
sponse strain range Ae,, may be determined using the material
hysteresis stress-strain data as shown in Fig. 3. Finally, the
response stress and strain are given by

Opr; = A0y + Oy | &)
€yr; = Aeyr + €4y (6)

Since the origin of the hysteresis curve always corresponds
with the stress reversal points and because the hysteresis curve
is not modified with the application of stress cycles, ‘‘kine-
matic’’ material hardening is implied.

Local Stresses with Plastic Constraint

Assuming that the stress-strain response throughout the
structure being analyzed is predominantly elastic, the stress
state of the elements at a stress concentration will become
increasingly triaxial as strains in the normal planar (x) and
transverse (z) directions (due to the Poisson effect) are resisted
by the surrounding elastic material.!” The development of
biaxial and triaxial stress states suggests the use of the equiva-
lent stress from plasticity theory!8

1
Oeg = NG [(01 = 02)* + (02 — 63)* + (03 — 01)*]"2

3
= \/_E Toct ™
where o), 03, and o3 are the principal stresses, and 7, is the
octahedral shear stress. This definition is convenient because,
for uniaxial stress states, the equivalent stress reduces to the
axial stress. In general, the model predicts the onset of yield
when the equivalent stress equals the yield stress measured in
a uniaxial tension test.

Because the equivalent stress is not dependent on the hydro-
static stress, the maximum principal stress at the notch root
may exceed the uniaxial yield strength of the material by a
considerable amount before the onset of yielding if a fully
triaxial stress state develops. This phenomenon is known as
‘“‘notch strengthening,”’ and is exhibited by many ductile ma-
terials. Orowan!® has demonstrated that the ratio of the maxi-
mum principal stress to the uniaxial yield strength of the
material, often referred to as the ‘‘plastic constraint factor,”’
may reach a maximum value of 2.57.

Since this apparent elevation of the yield stress can have a
direct impact on the estimation of the magnitude and extent of
nonlinear material response, the following simple approxima-
tion of the plastic constraint effect is used. The ratio of the x
and z direction normal stress ranges to the y direction normal
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stress range is assumed constant:

A
A% A% _ ~gp @)

Aog,, Agy,

where CSR is the constraint stress ratio. Using this approxima-
tion in Eq. (7), the equivalent stress range becomes

Ad., = (1 — CSR)Ac,, ®

The limiting values for CSR are found by noting that for plane
stress Ao, = 0 and therefore

CSRyin =0 (10)

While for plane strain, we solve Eq. (9) for CSR and note that
the maximum value for Ag,, /Ao, is 2.57, which yields

CSRpex = | — 1/2.57 (11)

The equivalent response stress and strain range are found by
using the equivalent applied stress range in Neuber’s rule

AGg,Aeoy, = AdZ,/E (12)

The estimated response stress range in the direction normal to
the crack plane is assumed to be

Aoy, = Ao, /(1 — CSR) (13)

and the response stress is found using Eq. (5).

Load Redistribution Due to Plasticity

When the applied (elastic) stress range for a given element
exceeds the hysteresis proportional limit, the response stress
range will diverge from the elastic value due to material plas-
ticity. The difference between the elastic and response stress
values is an indicator of the reduction in load carrying capabil-
ity of the element. In the current analysis, response stress
gradients are approximated using the assumptions that the
cross-section load and moment remain constant during local
yielding. So the load ‘‘shed’ by any one element must be
picked up by the remaining elements.

Assuming that yielding occurs at element @, then the load
which must be redistributed is given by

Ap, =(Aoy,, — Aoy, Ydx, (14)
where ¢ is the section thickness and dx, is the element width.

The load carried by the remaining elements of the cross section
before redistribution is given by

a—1 n
Proa= Y Djod+ L Djod (15)
j=1 j=a+1
and the load after redistribution is given by
a—1 n
Pr,new = E Djnew + E Djnew (16)
Jj=1 J=a+1

where p; ., is calculated by assuming that the portion of Ap,
that is picked up by each element is given by

Djold

Ap; = Ap
! ¢ Pr,old

amn

The subscript j indicates that the calculations are for element
J, and #n is the total number of elements in the section. So the
Djnew are found as

Djnew = Djola + AD; (18)
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Since K;=8Vmc 316865 . . . 23)
Danew = Dajold — ADq 19) where S is the nominal or reference stress; and §;, 8, 85 is the
boundary correction factor(s) as required by the geometry of

and

Epj,new = Epj,old + Ap, (20)

the load carried by the cross section is-unchanged. To conserve
the moment carried by the cross section, the Ap, that is sub-
tracted from element ¢ is added to an element b, which is
equidistant from the cross-section centroid. And the Ap; that
are added to each element j are subtracted from the elements
k again where elements j and &k are equidistant from the
cross-section centroid.

Once all of the Ap; have been calculated, the new stress
distribution may be found as follows

Ojnew = Tj,0d + Ap;/(tdx;) (21

This process is repeated for element @ + 1 and so on until all
of the elements in the cross section have been checked and the
load has been completely redistributed. Once all of the ele-
ment stresses have been defined, the stresses at each grid point
are taken as the average of the values of the elements sharing
that grid point. And finally, the stress at any value of x is
found by linear interpolation between grid point values.
This procedure is repeated for each reversal of the input
fatigue load spectrum. For each cycle, the minimum response
stress distribution is calculated, the subsequent maximum re-
sponse distribution is calculated, and then the crack-tip stress-
intensity factor is calculated for each based on these equations
response distributions rather than the applied distributions.

Calculation of Stress Intensity Factors for Cracks
Growing in Arbitrary Stress Fields

The stress intensity factors required for LEFM-based fa-
tigue crack-growth analyses are typically found using both
superposition and compounding techniques.?’ Total solutions
for a given crack/geometry configuration subjected to a com-
bination of loads may be found by superimposing the solu-
tions for each load.

Kiiom = Kpn+ Ko+ Kps - . (22)
Whereas, those for a given load and crack-geometry configu-
ration for which an exact solution is not available may be
approximated using a factorial combination of the fundamen-

tal solution and one or more boundary/loading correction
factors.

e
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Fig.4 Schematic illustration of equivalence between remote body
loading and crack pressure loading.

the problem. The fundamental solution is that for a line
(through-the-thickness, one-dimensional) crack in an infinite
plate. In the current study, Green’s functions are used to
determine a ‘‘gradient’’ correction factor that may be com-
pounded with known stress intensity factor solutions.

Green’s Function Approach for Gradient
Correction Factor

A common method for calculating the stress intensity factor
for a crack in an arbitrary stress field is the Green’s function
approach described by Cartwright and Rooke.?! This tech-
nique utilizes the preceding principle of superposition. For
one-dimensional cracks in planar stress fields, the solution is
developed in the following manner. Bueckner?? demonstrated
that the crack-tip stress-intensity factor for a stress-free crack
in a stressed body is equivalent to that for a crack with an
applied pressure distribution in an unstressed body when the
applied pressure distribution is equivalent to the stress field
that would exist if the stressed body were uncracked. This
result is shown schematically in Fig. 4: the desired solution,
case ¢, is found by superimposing two known solutions,
cases a and b

K(c) = K(b) + K(a) (24)

Since the stress intensity factor for case b is zero, the total
solution is given by the stress intensity factor for case a,
which may be found by the method of Green’s functions. An
arbitrary pressure distribution on a line crack may be approx-
imated as a series of point loads acting normal to the crack
face.

pj = O(X)jthj (25)

The Green’s function for a point, crack opening force acting
on a line crack in an infinite plate?? is well known; see Fig. 5.

pj Ceq +X .
K; = at crack tip A 26
Ij [\/’l—r;?:l Ceq —x ( p ) ( )

The total stress-intensity factor is found by forming the sum

m
bj }ceq T
K, =K, = B ——N 27
o~ Mo j§1 INTCoy Y Ceq —X; @n

where the crack face pressure distribution has been approxi-
mated using m point loads. In the limit, this summation be-

Fig. 5 Point load on a line crack in an infinite plate.
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comes the integration of the Green’s function over the crack

length
Ceq ot Cog + X
K = X A fﬂ— dx (28)
~ceth7I’Ceq ceq"x

In order to isolate a stress intensity modification factor due to
the gradient alone, the total solution must be written in terms
of the fundamental form. To this end, the stress distribution is
normalized with respect to some reference value, usually the
gradient value at the site of crack initiation:

Ceq
Ki=Svmeg | — | ™ 2 [t X gy 9)
TCeq J —cpq S N Ceg =X

eq

So the gradient correction factor becomes

1 | +
8, = j ¢ St X gy (for crack tip A)  (30)
TCeq S Negg —x

~Ceq eq

The gradient correction factor for use with edge-cracked con-
figurations may be derived in the same preceding manner
using the point load solution for an edge-cracked, semi-in-
finite plate.?* The result of that derivation is given as

2 U“‘-’q 0 [1.3 - 0.3(c/c)*)
L12157cy (o S V1 = (x/cey)?
For completely arbitrary stress distributions, numerical inte-
gration is required for the evaluation of @8,. This is imple-

mented by discretization of the stress distribution as just dis-
cussed and evaluation of the integral over each constant stress

element
1 n bj a; Ceq + X
= = A ’——— d 32
Bg chqjgl {S S Ceqg — X x ( )

a; eq

Be dx} 31

for crack tip A of the infinite plate configuration, as in Fig. 5,
and

By

__ 2 ¢ Ul’fgn.s—o.3(x/ceq)5/41
11215 7eeg =4 gy S V1= (/P

for the edge-crack (semi-infinite plate) configuration. The a;
and b; are the x coordinates of the end points of the jth
element, and the element m contains the crack tip. Because the
path of integration includes the singularity at the crack tip, a
10-point Gauss-Legendre quadrature® is used to evaluate the
integral over each element.

Since the gradient correction factors may in general be
different for a positive gradient than they are for a negative
gradient, total stress-intensity factor solutions are developed
for both the maximum and minimum stresses. These solutions
are calculated as a factorial combination of the fundamental
solution, the gradient correction factor, and any other
boundary correction factors that may be required by the ge-
ometry of the problem. In each case, care is taken that correc-
tion factors, which already include stress gradient effects, not
be used when they duplicate the gradient factors just dis-
cussed. Discussion of this and other compounding techniques
are provided in Refs. 26-28, and extensive compilations of
total stress-intensity factor solutions are given in Refs. 24 and
28.

dx] (33)

Load Interaction in Fatigue Crack-Growth Analysis

It is well recognized that nonlinear material behavior at the
tip of a fatigue crack is probably the most significant contrib-
utor to load interaction effects (retardation and acceleration)
in fatigue crack growth. The plasticity which is estimated in
the preceding notch-strain analysis is based on the uncracked
section only; it does not address the crack-tip plastic zone. No
attempts to model the relationship and potential interaction
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between the residual stress field and the crack tip plastic zone
were made during the current study.

Crack Tip Stress State and Plastic Zone
Size Estimation

Using the arguments similar to those presented in the sec-
tion ‘“Local Stresses with Plastic Constraint’’ and treating the
crack as a sharp notch, it has been demonstrated that for thin
sections out-of-plane strains may develop freely producing a
state of plane stress and the corresponding, relatively high
values of fracture toughness. As the thickness increases, out-
of-plane strains are increasingly constrained causing the devel-
opment of a triaxial stress state and correspondingly reduced
values of fracture toughness. Fracture toughness reaches a
minimum when the normal in-plane and transverse strains at
the crack tip are completely restrained and a state of plane
strain is achieved (see Refs. 29-31). The dimension required to
develop plane strain conditions is generally estimated as*?

req=2.5(K1./Fyy)? 34)

This dimension may be used to estimate the state of stress at
the crack tip during a fatigue crack-growth analysis in the
following manner

Coe =MIN(C/dyeqyt/dreq) (35

where we require that 0< C,. <1 and note that C,. =0 implies
a state of plane stress and C,. =1 implies a state of plane
strain.

Using the Irwin expressions for plane stress and plane strain
plastic zone sizes,?2-34

1
r =5 (Kmax/Fiy)*  plane stress (36)

1
= (Kmax/Fy)? plane strain (37

an expression for intermediate stress states may be written
using Cp

ry (Kmax/Fty )2 (38)

T (4C, + 7

again, requiring that 0< G, <1.

The estimated stress state may also be used to calculate the
critical value of the stress intensity factor and hence the point
of crack instability during a fatigue crack-growth analysis.

Kcrit = Kc(l - Cpc) + chcpc (39)

where K. is the plane strain fracture toughness and K, the
fracture toughness at thickness of interest.

Yield Zone Interaction Model

The Willenborg®-=¢ retardation model was selected for
adaptation in the current analysis because it utilizes the con-
cept of an ‘‘interaction’’ zone. According to Willenborg’s
original development, this would be the crack-tip plastic zone
size due to the most recent tensile overload. In the current
adaptation, this interaction zone may be the result of any
plastic deformation, whether it be due to notch-strain effects
or to the development of crack-tip plastic zone. Its size is
taken as the larger of the effective crack length at the most
recent overload or the distance to the elastic-plastic interface
as determined by notch-strain analysis.

Z = Max(Zos Znse) (40)

where z is the interaction zone size; z,; is the crack length at
tensile overload plus size of crack-tip plastic zone due to
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overload, ¢, +ry, (note that z, appears elsewhere in the
literature as just the crack-tip plastic zone size at the tensile
overload, r, ,); and z,, the distance between crack origin and
elastic-plastic interface as determined by notch-strain analysis.
The original Willenborg model postulated that the interac-
tion zone represented a region of ‘‘residual’’ stress and that
this residual was equal to the difference between the applied
(remote) stress and the stress required to terminate interaction,
04 The 0, is the tensile stress required to generate an effec-
tive crack length (crack length plus crack-tip yield zone) equal
to z,;. This residual stress was then combined with the applied
stress to determine the ‘‘effective’’ stress, i.e., that stress
which is effective in growing the crack. The model was subse-
quently restated in stress intensity factor format by Gal-
lagher?’-8 with the effective stress-intensity factors defined as

Kmax,eff = Kmax + Kres (41)
Kmin,eff = Kmin + Kres (42)

The residual stress-intensity factor K., is defined as being
proportional to the difference between the applied stress-in-
tensity factor and the stress-intensity factor required to termi-
nate interaction

Kres = d’(Kmax - Kap) (43)

where ¢ is the constant of proportionality proposed by Gal-
lagher.*® The K,, may be written in terms of the stress-inten-
sity factor at the overload as

Kop = Koil(z = €)/1y0) 449

In the original model, z was always that caused by a tensile
overload so that K., was always negative thus reducing the
applied stress intensity factor to some effective value. (Note
that this model alters stress ratio but not stress range.) In the
current model, those interaction zones defined by notch-strain
analysis may represent either a tensile or a compressive resid-
ual stress field, and the residual stress intensity factor may be
either negative (retarding) or positive (accelerating) accord-
ingly.

Negative Stress Ratio Effects

The crack-growth-rate acceleration scheme due to Chang!'?
was based on the proposition that the growth rate at a negative
stress ratio is equal to some constant times the growth rate at
a stress ratio of zero (for the same AK.y).

da/dN(R<0) =Ada/d}V(R=0) (45)

Chang purposed the following crack-growth-rate equation for
negative stress ratios

da/dNg<p = CI(1 + R)K " (46)

and recommended that the constant 4 be determined from
constant amplitude test data. With 4 known, an acceleration
index g could be determined as follows

CI(1 + R)7Kna]” = AC[(1 ~ Ree)™ ' AK}" @7
g =logA/[n log(l + R%)] (48)

where R is the local (as opposed to applied) stress ratio, where
R.r = 0 for R <0, and where the expression is good for R <0.
Note that the Walker® crack-growth-rate equation was used
for the R = 0 case.

For an assumed acceleration index ¢, the resulting accelera-
tion factor may be determined as follows

A =(1+R¥m 49)
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The observed crack-growth acceleration that occurs at nega-
tive stress ratios may be attributed to the difference between
the applied and local response stress levels and to the fact that
only that portion of the stress-intensity factor range for which
the crack is open is effective in advancing the crack. Assuming
the following definitions: R = local (response) stress ratio in-
cluding plastic zone size effects; R = local stress ratio of
tensile stresses, i.e., those which are effective in growing the
crack, note that for — <R <0, Ryi=0 and 0<R<1,
Rqr = R; AK = local (response) stress-intensity factor range;
AK.g = local tensile stress-intensity factor range, note that for
— ®© <R <0, AKge = Koy and 0<R <1, AKs = K consider
the translation of da/dN vs AK data into da/dN. vs AKy
data. For a given value of AK, applied at a negative stress
ratio, the growth rate is da/dN. However, the effective stress-
intensity factor range is

Kot = (1 — Reg)Kimax = Kinax for R <0 (50)

and the effective growth rate da/dN, is that determined at
Kiax on the R = 0 curve. This process is shown graphically in
Fig. 6.

To some extent, the Walker equation alone will predict this
effect, making the introduction of g and a separate rate equa-
tion unnecessary. A negative stress-ratio acceleration factor
may be derived from the Walker equation as follows:

da/dIV(R<0) =A da/dN(R=0) (51)
Cl(1 —RY"~'AKY" = AC[(1 — Retr)" ™ 'AKos1)" (52)

4 - =Ry AR 3)
T I = Ret)™ " LAK 51"

Using AKepr = (1 — Rer)Kmax and AK = (1 — R)Kpax:

[(1 — R)meax]n
A= 4
[(1 _Reff)m max]n (5 )

A =[(1-R)/(1 = Rep)I™ (E8))

10
o
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Fig. 6 Graphic estimation of negative stress ratio crack-growth-rate
acceleration.
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Since, by definition, (1 — R)/(1 — Rey) > 1, the Walker equa-
tion will always provide negative stress-ratio acceleration
when the product mn is greater than 1. However, since the
Walker equation with coefficients based on positive stress-ra-
tio da/dN data may not ‘fit”’ the corresponding crack
growth-rate data in the negative stress-ratio regime, the fol-
lowing acceleration factor is proposed

A =[(1 - R)/(1 = Reg)]*™ (56)

where p is the acceleration effectivity. The p may be used to
further ‘‘collapse’” or ““spread’’ the da/dN curves in the nega-
tive R regime when the data indicate that a value other than
unity is required.

With the acceleration parameter defined in this manner, the
same crack-growth-rate equation may be used in both the
negative and positive stress ratio regimes

da/dN = AC[(1 — R ~ ' AK )" 57

when R >0, R4=R, and A = 1. Therefore, the equation
reduces to the Walker equation. When R <0, R.s=0 and
A >1 (again, assuming pmn >1). Note that u =1 does not
indicate no acceleration, it indicates the acceleration provided
by the Walker equation alone.

A corresponding acceleration factor for use with the For-
man?® crack-growth-rate equation may be developed as fol-
lows:

CAK™" _ CAKy
[(1 - R)K; — AK] [(1 —~ Res)Ky — AK g1l
[(1 — R.)K; — AK ]AK"

= 59
4 == R)K, - AK1AKY, &9

(58

A=[1-R)/(1—Rul""! (60)

Again, an acceleration effectivity parameter may be intro-
duced yielding the following expression for A4

A =[(1-R)/(1 = R}~ (61)

Application: F-111 Wing Pivot Fitting
In order to apply this technique, the preceding notch-strain
methodology was programmed and integrated with an exten-
sively modified version of the Air Force Detailed Fatigue
Crack Growth Analysis Computer Program, CRKGRO.* The

Fig. 7 Location of FVH-13 in wing pivot fitting of F-111 aircraft.
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resulting program, CKGRO3, estimates uncracked elastic-
plastic response stress gradients on a cycle-by-cycle basis. For
each cycle the minimum and maximum stress intensity factors
are calculated separately based on these response gradients
and using the Green’s function technique just discussed.

The development of this technique was brought about by
the requirement for an analytical tool which was capable of
predicting the growth of fatigue cracks in residual stress fields
in general and in particular for the analysis of cracks in the
wing pivot fitting of the F-111 aircraft. To insure flight safety,
the F-111 aircraft is periodically subjected to a cold proof test
in which the wings are statically loaded to both maximum and
minimum limit loads. These high applied wing bending mo-
ments are sufficient to cause local yielding in areas of moder-
ate to high stress concentration within the pivot fitting. See
Fig. 7. As a result, any fatigue crack growth which may occur
at such locations is dependent on both the residual stresses due
to the cold proof test and the subsequent service load history.

The problem presented here is further complicated in that
the control location is near the wing upper surface, which
results in an applied fatigue spectrum that is compression
dominated. The crack initiation site in this case is at the lower,
inboard radius of fuel vent hole (FVH) no. 13. The general
placement of the FVH within the center stiffener and the
pertinent dimensions are shown in Fig. 8. The normal stresses
acting on the section A-A (shown in Fig. 8) were determined
from a previous, elastic, fine-grid finite-element analysis of
the center stiffener in the area of FVH-13.%2 These results are
tabulated for the + 7.33 g limit load and the —2.4 g conditions
in Table 1. (The +7.33 g distribution is also shown in Fig. 1.)

EDGE CRACKED FINITE WIDTH STRIP

FUEL VENT HOLE 137 /
(G Z'L) ey AN
R=025 TYP T “’ 143

T i
» o 0 OF

O
o

Fig. 8 F-111 wing pivot fitting, fuel vent hole 13.

Table 1 F-111 wing pivot fitting, FVH-13 elastic stress gradients

X Smin Smax
coordinate, (CPT cond: +7.33 g), (CPT cond: —2.40 g),
Grid no. in. ksi ksi

1 0.000 —320.242 123.720
0.025 —279.163 109.920

3 0.050 —238.087 92.120
4 0.075 -197.010 74.319
5 0.100 —186.427 69.877
6 0.125 —175.843 65.434
7 0.150 —~165.260 60.992
8 0.175 —158.992 58.418
9 0.200 —152.724 55.843
10 0.225 —146.986 53.484
11 0.250 —143.368 51.986
12 0.300 —136.130 48.989
13 0.400 —125.600 44.900
14 0.500 —115.070 40.810
15 0.710 —-101.200 36.494
16 0.930 —93.150 33.761
17 1.120 —-92.330 29.973
18 1.450 —75.700 26.106
19 1.650 —87.100 23.651
20 1.830 —57.250 21.724
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Table 2 Six-point cold-proof test-load sequence

Peak elastic

Step Condition stress, ksi
1 0.00 0.00
2 ~2.40¢g 123.72
3 +733 ¢ —320.24
4 -3.00¢g 159.65
5 +733¢ —320.24
6 0.00 0.00

3.0
20

1.0

0.0

NORMALIZED RESPONSE STRESS, Gy r/F ty

-3.0
0.0 10 2.0

Fig.9 Normalized response (solid line) and residual (dashed line)
stresses through depth of stiffner for +7.33 g condition of F-111 cold
proof test.
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Both distributions are for a baseline FVH configuration,
i.e., as shown in Fig. 8, and were used directly as the input
minimum and maximum elastic stress gradients for CKGRO3.
The response of the model (finite width strip) to the cold proof
test load sequence (see Table 2) was analyzed using the elastic
stress distributions shown in Table 1 and the hysteresis stress-
strain data for the pivot fitting material 220-240 HT Dé6ac
steel shown in Fig. 3.*3 The six-point sequence shown in Table
2 is an adaptation of actual test sequence with zero points
placed before and after the CPT sequence; this forces the
sequence into a min-max format as required by CKGRO3.

The variation of the total stress (response + constraint) and
residual (zero applied strain) with depth into the stiffener is
shown in Fig. 9 for the +7.33-g condition. Note that the
analysis estimates both the shape and depth of the residual
stress distribution. These results represent at least a qualita-
tive, successful demonstration of the response stress estima-
tion technique; actual validation will require verification test-
ing and/or comparison with detailed stress analyses based on
more accurate, continnum mechanical representation of the
material behavior.

This approximation is useful because it may be repeated on
a cyclic basis, thus modeling the creation and cyclic variation

Table 3 Forman crack-grthh-rate equation parameters for Déac
steel, 220-240 HT

Length Depth

direction direction
Plane strain fracture toughness 53.000 53.000
Plane stress fracture toughness 110.000 110.000

Region I1

Growth rate eq. const. C 1.091E-06 1.091E-06
Growth rate eq. exp. N 2.016 2.016
Growth rate eq. const. KF 110.000 110.000
Neg. stress ratio effectivity, MU 0.000 0.000

Region I

Transition to lower curve at 13.00 level 0.00E + 00

Growth rate eq. const. C 2.998E-09 2.998E-09
Growth rate eq. exp. N 4.317 4.317
Growth rate eq. const. KF 110.000 110.000
Neg. stress ratio effectivity, MU 0.000 0.000

0.5 ¢
< FLEET DATA
n
§ o
o S 0
z SO0 O
2 RS
- [~ < \ CKGRO3 ANALYSIS WITH ESTIMATED
% ELASTIC-PLASTIC RESPONSE
&
(3]
},INEAR CRACK GROWTH ANALYSIS
/ NO GROWTH
0 . o A 1 N - A ‘—n
0.0 1000.0 2000.0 3000.0 4000.0 5000.0
FLIGHT HOURS
Fig. 10 Comparison of analytical crack growth lives with F-111A fleet cracking data,
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of response stress and residual stress distributions on the un-
cracked section. With this information available, detailed fa-
tigue crack-growth analyses are then conducted in the follow-
ing manner.

1) Apply the precycle (CPT) load sequence as just described
and calculate response stress gradients at each point using the
stress-strain data shown in Fig. 3.

2) Calculate the response to the minimum and maximum
applied spectrum stresses on a cycle-by-cycle (Cx C) basis.
Note that the hysteresis looping effect is modeled for each
element in the cross section for each reversal in the spectrum.

3) Calculate the minimum and maximum stress-intensity
factors based on stress gradients determined at each step using
the Green’s function technique.

4) Calculate crack growth rates and then crack length incre-
ments and integrate between the initial and final flaw sizes or
until the critical value of stress intensity is reached. The For-
man crack growth-rate equation parameters used for the wing
pivot fitting analysis are shown in Table 3. (The acceleration
effectivity, =0, is based on comparison of the crack-growth-
rate equation with R = —0.5 crack-growth-rate data.)

The results of two CKGRO3 fatigue crack-growth analyses,
one with estimated elastic-plastic response calculation and the
other without, are presented in Fig. 10. Comparison with the
F-111 fleet cracking data shown in the same figure demon-
strates the importance of modeling the creation of tensile
residual stress fields. In each case, the spectrum crack growth
analysis took place after the application of the CPT load
sequence.

Conclusions

The use of notch-strain analysis techniques in lieu of finite-
element or boundary-element techniques to model nonlinear
material response of uncracked bodies to applied elastic
stresses allows the approximation of local stress fields (includ-
ing residual stresses) on a cyclic basis. The Green’s function
technique can then be employed to determine the stress inten-
sity factors that result from the introduction of a crack. These
techniques have been successfully integrated with a detailed
fatigue crack-growth analysis computer program, and initial
results indicate that for problems which involve moderate
material plasticity and the development of residual stresses,
this improved representation translates into improved LEFM-
based fatigue crack-growth predictions.
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